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Abstract

The effect of small viscosity on nearly inviscid flows of an incompressible fluid through a given domain with permeable boundary
is studied. The Vishik–Lyusternik method is applied to construct a boundary layer asymptotic at the outlet in the limit of vanishing
viscosity. Mathematical problems with both consistent and inconsistent initial and boundary conditions at the outlet are considered.
It is shown that in the former case, the viscosity leads to a boundary layer only at the outlet. In the latter case, in the leading term
of the expansion there is a boundary layer at the outlet and there is no boundary layer at the inlet, but in higher order terms
another boundary layer appears at the inlet. To verify the validity of the expansion, a number of simple examples are presented.
The examples demonstrate that asymptotic solutions are in quite good agreement with exact or numerical solutions.
© 2007 Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this paper, we study the effect of small viscosity on nearly inviscid flows of an incompressible fluid through
a given domain. In contrast with the standard situation where the boundary of the flow domain is impermeable, we
consider flows in which the fluid can flow into and out of the domain through its boundary. A typical example is a
flow in a pipe of finite length when the ends of the pipe represent the inlet and the outlet of the flow domain. Note that,
in general, the permeable boundary does not necessarily correspond to any physical boundary (made, say, of a porous
material), it may be any fixed surface at which we can control or merely measure the appropriate flow parameters. An
interesting general question that arises in this context is: what boundary data do we need to control (or just to know)
in order to control (or to describe) the temporal evolution of the flow in the domain provided that the initial velocity
is known.
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Inviscid flows of this type had been studied by many authors (see, e.g, [1–8]). In contrast with the conventional
case of impermeable boundary, there are many different well-posed initial boundary value problems for the Euler
equations in a domain with permeable boundary. Usually, the normal velocity is prescribed by a boundary condition
for the Euler equations. In the case of nonzero normal velocity at the boundary, additional boundary conditions are
necessary. They must be posed at the inlet (i.e. on the part of the boundary where the fluid enters the domain), where,
in addition to the normal velocity, one needs to specify the tangent component of vorticity (see [1–4]), or the tangent
component of velocity (see [3–5]), or some other quantities (see [6,7] and references therein). Note that Yudovich
[1,2] had proved that the two-dimensional problem with the vorticity specified at the inlet always has a unique global
(in time) solution. For all other initial-boundary value problems with nonzero normal velocity, only local existence
and uniqueness theorems are known even in the two-dimensional case, and there are no examples of collapse.

Here we study the effect of small viscosity on nearly inviscid flows through a given domain. This paper may be
viewed as an extension of the earlier work of Yudovich [9] who constructed an asymptotic boundary layer at the
outlet for a two-dimensional incompressible flow in an infinite strip bounded by two straight lines, one of which
serves as the inlet and the other as the outlet. Alekseenko [10] and Temam and Wong [11,12] considered similar
problems and obtained a number of results about the convergence of solutions of the Navier–Stokes equations to
corresponding solutions of the Euler equations. Much earlier a related problem about a boundary layer on a rigid wall
with suction had been studied by numerous authors (see, e.g., [13,14] and references therein). All early works had
Prandtl’s boundary layer equations as a starting point of the analysis. This implies that the normal (suction) velocity
through the boundary is small, of order of Re−1/2 (where Re is the Reynolds number). In this paper, we are interested
in flows at high Reynolds numbers in which the normal velocity is of order of unity. A particular problem of steady
boundary layer with strong suction (the suction velocity goes to infinity) had been studied by Watson [15] and some
others (see [14] and references therein). Watson [15] had obtained a solution of Prandtl’s boundary layer equations
in the form of a series in inverse powers of the suction velocity. Although Watson’s result seems to be correct and
is in agreement (at least in the leading order term) with what is described below, his procedure involves somewhat
contradictory assumptions (he considers the limit of large suction velocity in the Prandtl equations that are obtained
under the assumption that this velocity is small).

In this paper, we construct an asymptotic expansion of solutions of the Navier–Stokes equations which describe
flows through an arbitrary three-dimensional domain in the limit of high Reynolds numbers (vanishing viscosity). In
order to focus on special features of a flow through a domain with permeable boundary, we restrict our analysis to the
case where no part of the boundary is a rigid impermeable wall (i.e. the entire boundary is a union of the inlet and the
outlet). To construct the asymptotic expansion, we follow the ideas of [9] and employ the Vishik–Lyusternik method
(see, e.g., [16,17]). The method had been used to study viscous boundary layer at a fixed impermeable boundary by
Chudov [18]. In the leading term of the expansion, the flow is described by the Euler equations everywhere in the flow
domain except for a thin boundary layer at the outlet. The equations of the boundary layer turn out to be linear and
can be solved analytically in the general case. It is interesting that the initial boundary value problem for the boundary
layer equations that arises in the leading order is over-determined, but nevertheless has a unique solution provided
that the initial condition for the velocity is consistent with the boundary condition for the velocity at the outlet. It
is shown that, in principle, the asymptotic expansion can be computed up to terms of arbitrary order in the inverse
Reynolds number provided that certain additional consistency requirements on initial and boundary data at the outlet
are satisfied.

We also consider a mathematical problem with inconsistent initial and boundary conditions at the outlet which
can be used to describe real fluid flows produced by a sudden change in the tangent velocity at the outlet. In this
case, the asymptotic expansion constructed describes fast relaxation of an inconsistency between initial and boundary
conditions for the tangent velocity at the outlet. It turns out that in higher order terms of the expansion another
boundary layer may appear at the inlet in contrast with the case of consistent initial and boundary conditions where
there is no boundary layer at the inlet in terms of all orders.

The plan of the paper is the following. In Section 2, we describe the method of constructing the asymptotic expan-
sion for a two-dimensional incompressible flow in an infinite strip bounded by two straight lines, one of which serves
as the inlet and the other as the outlet. In Section 3, we construct the asymptotic expansion in the general case of a
flow through an arbitrary three-dimensional domain. Section 4 deals with the case of inconsistent initial and boundary
conditions at the outlet. In Section 5, we discuss the results.
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2. Boundary layer at the outlet in a simple geometry

In order to avoid treatment of boundary layers on rigid impermeable boundaries, we restrict our analysis to the
situation where no part of the boundary of the flow domain is impermeable, i.e. the boundary is a union of the inlet
and the outlet. In order to introduce the Vishik–Lyusternik method (that is employed throughout the paper) in the
simplest possible way, we first discuss the particular problem that was treated earlier by Yudovich [9] and Temam and
Wang [11,12].

2.1. Formulation of the problem

Consider the two-dimensional Navier–Stokes equations

ut + (u∂x + v∂y)u = −px + ν∇2u, (2.1)

vt + (u∂x + v∂y)v = −py + ν∇2v, (2.2)

ux + vy = 0 (2.3)

in the domain D (see Fig. 1)

D = {
(x, y) ∈ R

2 | −∞ < x < ∞, 0 < y < L
}
,

which is a strip between the lines y = 0 and y = L in the xy plane. In Eqs. (2.1)–(2.3), u and v are the Cartesian
components of the velocity, and p is the pressure divided by the density. All quantities are made dimensionless using
some characteristic scales V ∗ for velocity, L∗ for length, L∗/V ∗ for time and V ∗2 for pressure divided by density, so
that ν is the dimensionless viscosity (the inverse Reynolds number): ν = ν∗/V ∗L∗ where ν∗ is the kinematic viscosity
of the fluid. Boundary conditions at y = 0 and y = L are

u(x, y, t)|y=0 = U(x, t), (2.4)

v(x, y, t)|y=0 = V (x, t), (2.5)

and

u(x, y, t)|y=L = U1(x, t), (2.6)

v(x, y, t)|y=L = V1(x, t). (2.7)

We assume that

V (x, t) < 0, and V1(x, t) < 0 for all x. (2.8)

So, the fluid flows into the domain through the plane y = L (the inlet) and leaves it through the plane y = 0 (the
outlet). (In general, one may prescribe other boundary conditions at the inlet and outlet, for example, the vorticity
ω = vx − uy may be given instead of conditions (2.4) and (2.6) for tangent velocity.)

Fig. 1. Sketch of the flow domain.
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Initial conditions:

u(x, y, t)|t=0 = U0(x, y), (2.9)

v(x, y, t)|t=0 = V0(x, y). (2.10)

Functions U(x, t), V (x, t), U1(x, t), V1(x, t), U0(x, y), V0(x, y) are either periodic in variable x with the period Lx

or decay as |x| → ∞, and in what follows we look for solutions of the problem (2.1)–(2.10) which have the same
property.

We assume also that the initial and boundary conditions are consistent, i.e.

U0(x, y)|y=0 = U(x, t)|t=0, V0(x, y)|y=0 = V (x, t)|t=0, (2.11)

U0(x, y)|y=L = U1(x, t)|t=0, V0(x, y)|y=L = V1(x, t)|t=0. (2.12)

We are interested in studying the solutions of the initial boundary value problem (2.1)–(2.10) in the limit ν → 0. In
what follows, we employ the Vishik–Lyusternik method to construct the formal asymptotic solution of the problem.

2.2. Asymptotic expansion

We seek the solution of (2.1)–(2.10) in the form

u = ui(x, y, t) + ub(x, s, t), (2.13)

v = vi(x, y, t) + νvb(x, s, t), (2.14)

p = pi(x, y, t) + 1

ν
pb(x, s, t), (2.15)

where s = y/ν. Functions ui , vi , pi represent a regular expansion of the solution in power series in ν (an outer
solution), and ub , vb, pb correspond to a boundary layer correction (an inner solution) to this regular expansion. The
scaling factors, ν for vb and ν−1 for pb are chosen in order to preserve the form of the incompressibility equation and
keep the pressure term in the leading order equation for ub . This makes subsequent analysis easier. In this particular
problem, the choice of scaling factors does not play a crucial role. For example, one can get the same result by
assuming that both scaling factors are equal to unity.

Let

vi = vi
0 + νvi

1 + ν2vi
2 + · · · , pi = pi

0 + νpi
1 + ν2pi

2 + · · · , (2.16)

where vi = (ui, vi), vi
k = (ui

k, v
i
k) (k = 0,1,2, . . .). The successive approximations vi

k , pi
k (k = 0,1,2, . . .) satisfy the

equations:

∂tvi
0 + (vi

0 · ∇)vi
0 = −∇pi

0, (2.17)

∇ · vi
0 = 0, (2.18)

and

∂tvi
k + (vi

0 · ∇)vi
k + (vi

k · ∇)vi
0 = −∇pi

k + Fk, (2.19)

∇ · vi
k = 0 (2.20)

for k = 1,2, . . . . Here

F1 = ∇2vi
0, Fk = ∇2vi

k−1 −
k−1∑
n=1

(vi
n · ∇)vi

k−n (k = 2,3, . . .).

The leading term of the outer expansion satisfies the Euler equations (2.17), (2.18). Higher order terms are solutions
of the linearised Euler equations with external forces which are determined by lower order approximations. Since the
viscous terms are absent in Eqs. (2.17) and (2.19), the outer solution cannot satisfy all the boundary conditions. It is
known that the Euler equation has a unique solution at least locally in time if both components of the velocity are
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prescribed at the inlet and only normal component is given at the outlet (see, e.g., [6]). We require that, in the leading
order, the outer solution satisfies the following boundary conditions

vi
0|y=0 = V (x, t), vi

0|y=L = V1(x, t), ui
0|y=L = U1(x, t). (2.21)

Thus, the condition for the tangent velocity at the outlet (2.4) is not necessarily satisfied. We need the boundary layer
part of the solution to satisfy this condition. The initial conditions for ui

0 and vi
0 are

ui
0|t=0 = U0(x, y), (2.22)

vi
0|t=0 = V0(x, y). (2.23)

2.3. Boundary layer

We assume that

ub = ub
0 + νub

1 + · · · , vb = vb
0 + νvb

1 + · · · , pb = pb
0 + νpb

1 + · · · . (2.24)

We substitute (2.13)–(2.16), (2.24) into Eqs. (2.1)–(2.3) and take into account that ui
k , vi

k , pi
k (k = 0,1, . . .) satisfy the

equations (2.17)–(2.20). Then we make the change of variables y = νs, expand every function of νs in Taylor’s series
at ν = 0 and, finally, collect terms of the equal powers in ν. In the leading order, we obtain

V (x, t)∂su
b
0 = −∂xp

b
0 + ∂2

s ub
0, (2.25)

0 = −∂sp
b
0, (2.26)

∂xu
b
0 + ∂sv

b
0 = 0. (2.27)

Here we used the fact that in the boundary layer,

vi
0(x, y, t) = vi

0(x, νs, t) = vi
0(x,0, t) + O(ν) = V (x, t) + O(ν).

We require that

ub
0 → 0, vb

0 → 0, pb
0 → 0 as s → ∞. (2.28)

It follows from (2.26) that pb
0(x, s, t) = f (x, t) for some f (x, t). Then, the conditions (2.28) imply that pb

0(x, s, t) ≡ 0.
It follows from (2.25) that

V (x, t)∂su
b
0 = ∂2

s ub
0. (2.29)

Boundary condition for ub
0 at s = 0 is given by

ub
0(x, s, t)|s=0 = h0(x, t) ≡ U(x, t) − ui

0(x, y, t)|y=0. (2.30)

The initial condition is

ub
0(x, s, t)|t=0 = 0. (2.31)

Note that the initial boundary value problem (2.28)–(2.31) is an over-determined problem, because the equation (2.29)
does not contain the derivative with respect to time. Generically, problems like this have no solutions. Fortunately,
the problem (2.28)–(2.31) does have a unique solution. Indeed, the solution of Eq. (2.29) subject to the boundary
conditions (2.28) and (2.30) is given by

ub
0(x, s, t) = h0(x, t)eV (x,t)s (2.32)

(recall that V (x, t) < 0 for all x). Then we observe that if the initial and boundary conditions for u(x, y, t) in the
original problem are consistent, i.e. satisfy the first relation (2.11), then

h0(x, t)|t=0 = 0, (2.33)

so that the solution, given by (2.32), satisfies the initial condition (2.31). Thus, the remarkable fact is that (2.32)
represents the unique solution of the over-determined initial boundary value problem (2.28)–(2.31) provided that the
initial and boundary conditions in the original problem are consistent.
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The main difference between the boundary layer equations (2.25)–(2.27) and Prandtl’s boundary layer at an im-
permeable rigid wall is that the equations are linear and can be easily solved. Another important difference is that
the characteristic thickness of the boundary layer at the outlet is O(ν) rather than O(

√
ν ). As will be seen later, we

can write down a universal solution of the boundary layer equations in arbitrary geometry, and this may lead to a
mathematically rigorous justification of the formal asymptotic solution obtained here.

Eq. (2.27) is used to find vb
0 :

vb
0(x, s, t) = ∂

∂x

∞∫
s

ub
0(x, s′, t) ds′ = − ∂

∂x

[
h0(x, t)

V (x, t)
eV (x,t)s

]
. (2.34)

Here we have chosen the constant of integration so as to satisfy the boundary condition at infinity (2.28). Note that, in
general, vb

0 does not satisfy the boundary condition vb
0(x, s, t)|s=0 = 0. Fortunately, in view of (2.14), the correction

to vi
0 is νvb

0 . Therefore,

vb
0(x, s, t)|s=0 = − ∂

∂x

[
h0(x, t)

V (x, t)

]
(2.35)

gives us the boundary condition for the next approximation of the outer solution:

vi
1(x, y, t)|y=0 = −vb

0(x, s, t)|s=0 = ∂

∂x

[
h0(x, t)

V (x, t)

]
. (2.36)

2.4. Higher order terms

Higher order terms in the inner expansion are determined from the equations

V (x, t)∂su
b
k = −∂xp

b
k + ∂2

s ub
k + ak(x, s, t),

∂sp
b
k = bk(x, s, t),

∂xu
b
k + ∂sv

b
k = 0 (k = 1,2, . . .),

where functions ak(x, s, t), bk(x, s, t) are defined in terms of lower order solutions ui
m, vi

m, pi
m,ub

m, vb
m, pb

m (m =
0,1, . . . , k − 1). For example,

b1 = 0,

a1 = −∂tu
b
0 − ui

0(x,0, t)∂xu
b
0 − ub

0∂xu
i
0(x,0, t) − ub

0∂xu
b
0 − (

vb
0 + vi

1(x,0, t) + s∂yv
i
0(x,0, t)

)
∂su

b
0. (2.37)

To clarify the procedure of constructing higher-order terms, let us consider the first-order terms of the asymptotic
expansion in detail. We have

V (x, t)∂su
b
1 = −∂xp

b
1 + ∂2

s ub
1 + a1(x, s, t), (2.38)

∂sp
b
1 = 0, (2.39)

∂xu
b
1 + ∂sv

b
1 = 0. (2.40)

Here we have used the fact that b1(x, s, t) ≡ 0. Functions ub
1, vb

1 and pb
1 must satisfy the conditions

ub
1 → 0, vb

1 → 0, pb
1 → 0 as s → ∞. (2.41)

As before, the condition of decay at infinity for pb
1 and Eq. (2.39) imply that pb

1 ≡ 0, so that we obtain the separate
equation for ub

1:

V (x, t)∂su
b
1 = ∂2

s ub
1 + a1(x, s, t). (2.42)

Boundary condition for ub
1 at s = 0 is given by

ub
1(x, s, t)|s=0 = h1(x, t) ≡ −ui

1(x, y, t)|y=0. (2.43)

Here ui (x, y, t) is the first-order term of the outer expansion which satisfies the equations (cf. Eqs. (2.19), (2.20))
1
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∂tu
i
1 + (ui

0∂x + vi
0∂y)u

i
1 + (ui

1∂x + vi
1∂y)u

i
0 = −∂xp

i
1 + ∇2ui

0, (2.44)

∂tv
i
1 + (ui

0∂x + vi
0∂y)v

i
1 + (ui

1∂x + vi
1∂y)v

i
0 = −∂yp

i
1 + ∇2vi

0, (2.45)

∂xu
i
1 + ∂yv

i
1 = 0, (2.46)

subject to the boundary condition (2.36), the boundary conditions

ui
1|y=L = 0, vi

1|y=L = 0, (2.47)

as well as the initial conditions

ui
1|t=0 = 0, vi

1|t=0 = 0. (2.48)

Note that since h0(x, t)|t=0 = 0, the boundary condition (2.36) is consistent with the initial conditions (2.48), i.e.
vi

1|y=0, t=0 = 0, and therefore there are no principal difficulties in solving the ‘outer’ problem (2.44)–(2.48), (2.36).
The initial conditions (2.48) and Eq. (2.43) imply that

ub
1|s=0, t=0 = h1(x,0) = 0. (2.49)

The initial condition for the boundary layer part of the expansion is

ub
1(x, s, t)|t=0 = 0. (2.50)

So, again we have an over-determined problem for ub
1, because Eq. (2.42) does not contain the derivative with respect

to time. However, below we show that it has a unique solution provided that a certain additional consistency condition
(for the initial and boundary conditions in the original initial boundary value problem for the Navier–Stokes equations)
is satisfied.

First, we observe that, in view of (2.49), the initial condition (2.50) is consistent with the boundary condition (2.43).
As was shown above, the consistency of the initial and boundary condition at y = 0 in the original problem is suffi-
cient to guarantee the existence of a unique solution of the leading order boundary layer equations satisfying initial
condition (2.31). However, this is not true for the first-order boundary layer equation (2.42). The reason for this is that
Eq. (2.42) is nonhomogeneous. Indeed, the solution of Eq. (2.42) that satisfies boundary conditions (2.41), (2.43) can
be written in the form

ub
1(x, s, t) = h1(x, t)eV (x,t)s + eV (x,t)s

s∫
0

e−V (x,t)s′
∞∫

s′
a1(x, s′′, t) ds′′ ds′. (2.51)

It follows from (2.49) that

ub
1(x, s, t)|t=0 = eV (x,0)s

s∫
0

e−V (x,0)s′
∞∫

s′
a1(x, s′′,0) ds′′ ds′. (2.52)

Evidently, the solution given by Eq. (2.51) satisfies the initial condition (2.50) only if a1(x, s,0) = 0. On inspecting
the expression for a1(x, s, t), we find that, in view of (2.32), (2.33) and (2.34),

a1(x, s,0) = −∂tu
b
0(x, s, t)|t=0 = −eV (x,0)s∂th0(x, t)|t=0. (2.53)

Thus, to ensure that problem (2.41)–(2.43), (2.50) has a unique solution (given by (2.51)) we must require that
∂th0(x, t)|t=0 = 0 or, equivalently,

∂tU(x, t)|t=0 = ∂tu
i
0(x,0, t)|t=0. (2.54)

This represents an additional consistency requirement on the initial and boundary conditions in the original problem.
To see this, we need to express the right hand side of Eq. (2.54) in terms of the initial and boundary data. On passing
to the limit t → 0 in Eq. (2.17) and using the initial conditions (2.9) and (2.10), we obtain

∂tvi
0|t=0 = −(V0 · ∇)V0 − ∇pi

0|t=0. (2.55)

Here V0 = (U0(x, y),V0(x, y)) is the initial velocity (cf. Eqs. (2.9) and (2.10)). The initial pressure P0(x, y) =
pi

0(x, y,0) can be found from (2.17) and (2.18) by taking the divergence of (2.17) and then passing to the limit
t → 0. As a result, P0(x, y) is the solution of the problem:
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�P0 = −∇ · (V0 · ∇)V0,

∂yP0|y=0 = −(V0 · ∇)V0|y=0, ∂yP0|y=L = −(V0 · ∇)V0|y=L. (2.56)

Now if we pass to the limit y → 0 in Eq. (2.55) and substitute the result in Eq. (2.54), we obtain the required consis-
tency condition

∂tU(x, t)|t=0 = −[
(V0 · ∇)U0 + ∂xP0

]|y=0. (2.57)

Thus, in order to obtain the uniquely determined first-order term of the asymptotic expansion, we must impose the
additional consistency condition (given by (2.57)) on the initial and boundary data in the original initial boundary
value problem for the Navier–Stokes equation.

It can be shown that the second-order term in the expansion requires yet another additional consistency condition,
and so on. In principle, it is possible to compute as many terms of the asymptotic expansion as necessary. In Section 3,
we will show how to modify our asymptotic expansion to deal with the problems with inconsistent initial and boundary
conditions.

Remark 2.1. The asymptotic expansion constructed above is applicable to steady or time-periodic flows. In these
cases, the analysis is much simpler because there are no initial conditions and, therefore, no consistency conditions
are required. An example of a time-periodic flow in an annulus between two concentric circular cylinders will be given
in the end of Section 3.

Remark 2.2. The appearance of new consistency conditions in construction of higher-order terms of the asymptotic
expansion is not entirely unexpected. Similar conditions emerge in inviscid flows through a domain with permeable
boundary [1,2,9]. It turns out that the consistency of initial and boundary conditions at the inlet guarantees that
the inviscid solution is continuous, while to ensure that the first derivatives of the velocity with respect to spatial
variables are continuous, an additional consistency condition for initial and boundary data at the inlet must be satisfied.
Continuity of the second derivatives requires yet another consistency condition, and so on.

2.5. Example 1

Consider the two-dimensional Navier–Stokes equations (2.1)–(2.3) in the same domain D with the following
boundary conditions

v|y=0 = v|y=L = −1, (2.58)

u|y=0 = 4 sin t, (2.59)

u|y=L = 1. (2.60)

We assume that u(x, y, t), v(x, y, t) and p(x, y, t) are bounded functions for all (x, y) ∈ D and that u(x, y, t) and
v(x, y, t) satisfy the initial conditions

v|t=0 = −1, (2.61)

u|t=0 = 1 − (1 − y)4. (2.62)

The initial and boundary conditions are chosen so as to satisfy the primary consistency conditions (2.11)–(2.12) and,
in addition, the first-order consistency condition (2.57) for the tangent velocity at the outlet.

The solution of the problem (2.1)–(2.3), (2.58)–(2.62) has the form

v = −1, u = u(y, t), p = 0,

where u(y, t) satisfies the equation

∂tu − ∂yu = ν∂2
yu (2.63)

and the boundary and initial conditions (2.59), (2.60) and (2.62).
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Fig. 2. Leading order and first-order asymptotic solutions u(y, t)|t=0.15 for ν = 0.1. Dashed line corresponds to the leading order approximation
u0 = ui

0 + ub
0, solid line – to the numerical solution, and circles represent the first-order asymptotic solution u0 + νu1 where u1 = ui

1 + ub
1.

The leading term of the outer asymptotic expansion is given by

ui
0 =

{
1 − (1 − y − t)4, 0 � y < 1 − t,

1, 1 − t � y � 1
for 0 � t � 1,

ui
0 = 1 for t > 1. (2.64)

The leading term of the boundary layer part of the expansion is given by

ub
0 =

{ [4 sin t − 1 + (1 − t)4]e−y/ν, 0 � t � 1,

(4 sin t − 1)e−y/ν, t > 1.

It can be shown that the first-order terms of the expansion are

ui
1 =

{−12(1 − y − t)2, 0 � y < 1 − t,

0, 1 − t � y � 1
for 0 � t � 1,

ui
1 = 0 for t > 1, (2.65)

and

ub
1 =

{ {12(1 − t)2 − 4[cos t − (1 − t)3]} y
ν
e−y/ν, 0 � t � 1,

−4 cos t
y
ν
e−y/ν, t > 1.

An example of the leading order approximation u0 = ui
0 + ub

0, the first-order approximation u0 + νu1, where u1 =
ui

1 + ub
1, and the numerical solution obtained using the standard MATLAB PDE solver are shown in Fig. 2. One can

see that the first-order asymptotic solution almost coincides with the numerical solution.

3. Boundary layer at the outlet in general case

The aim of this section is to show briefly how the theory of Section 2 can be generalised to the three-dimensional
flows in arbitrary domains with smooth boundaries.
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3.1. Formulation of the problem

We consider the Navier–Stokes equations, written in the form

∂tv − v × (∇ × v) = −∇Q − ν∇ × (∇ × v), (3.1)

∇ · v = 0, (3.2)

in an arbitrary three-dimensional domain D with sufficiently smooth boundary ∂D. Here v = (u, v,w) is the velocity,
Q = p + v2/2 is the Bernoulli function and p is the pressure. We do not want to deal with boundary layers at rigid
walls, so we assume that no part of ∂D is a rigid wall and ∂D consists of the inlet Γ + and the outlet Γ − only:

∂D = Γ + ∪ Γ −.

We assume that all three components of the velocity are given on ∂D:

v|∂D = V(x, y, x, t). (3.3)

By the definition of the inlet and the outlet,

v · n|Γ + = V(x, y, x, t) · n|Γ + = V+(x, y, x, t) · n < 0,

v · n|Γ − = V(x, y, x, t) · n|Γ − = V−(x, y, x, t) · n > 0, (3.4)

where n is the unit outward normal on ∂D. The initial condition

v|t=0 = V0(x, y, x) (3.5)

is assumed to be consistent with the boundary condition (3.3).
We look for an asymptotic representation of a solution to Eqs. (3.1)–(3.3), (3.5) as ν → 0 in the form

v = vi + vb, Q = Qi + 1

ν
Qb, (3.6)

where vi and Qi represent an outer part of the asymptotic expansion, vb and Qb correspond to a boundary layer part
which is nonzero only in a thin layer near the outlet Γ −.

3.2. Outer expansion

We seek the outer part of the asymptotic solution in the form of the power series in ν:

vi = vi
0 + νvi

1 + ν2vi
2 + · · · ,

Qi = Qi
0 + νQi

1 + ν2Qi
2 + · · · . (3.7)

We insert these into Eqs. (3.1), (3.2) and collect the terms of equal order in ν. This yields the following equations:

∂tvi
0 − vi

0 × (∇ × vi
0) = −∇Qi

0, (3.8)

∇ · vi
0 = 0, (3.9)

and

∂tvi
k − vi

0 × (∇ × vi
k) − vi

0 × (∇ × vi
k) = −∇Qi

k + Fk, (3.10)

∇ · vi
k = 0 (3.11)

for k = 1,2, . . . . Here

F1 = −∇ × (∇ × vi
0),

Fk = −∇ × (∇ × vi
k−1) +

k−1∑(
vi
n × (∇ × vi

k−n)
)

(3.12)

n=1
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for k = 2,3, . . . . The leading term of the outer expansion satisfies the Euler equations (3.8), (3.9). Higher order terms
are solutions of the linearised Euler equations with external forces which are determined by lower order approxima-
tions. As discussed in Section 2, the outer solution cannot satisfy all the boundary conditions. Recalling that the Euler
equation has a unique solution at least locally in time if all three components of the velocity are prescribed at the inlet
and only normal component is given at the outlet (see, e.g., [6]), we seek an outer solution which, in the leading order,
satisfies the following boundary conditions

vi
0|Γ + = V+, (3.13)

vi
0 · n|Γ − = V− · n. (3.14)

Thus, the condition for the tangent velocity at the outlet is not necessarily satisfied. As in Section 2, we need to
construct the boundary layer part of the solution to satisfy this condition.

The boundary conditions and the initial conditions for higher order terms vi
k (k = 1,2, . . .) in outer expansion have

the form

vi
k|Γ + = 0, (3.15)

vi
k · n|Γ − = gk(x), (3.16)

vi
k · n|t=0 = 0, (3.17)

where function gk(x) is determined from the boundary layer part of the asymptotic expansion which is considered
below.

3.3. Boundary layer

In a neighbourhood of Γ − we introduce orthogonal curvilinear coordinates q1, q2, q3 in such a way that Γ − is the
coordinate surface q3 = q0

3 . This can be done in many ways. For example, within the boundary layer whose thickness
is less than the minimal radius of curvature of the surface Γ − we can define q3 as the distance from the point x to Γ −
(note that in this case, q0

3 = 0). Let ub, vb,wb be the components of the boundary layer correction vb to the outer
solution that correspond to coordinates q1, q2, q3, respectively. Then we introduce the boundary layer variable (inner
variable) s as

s = q3 − q0
3

ν
. (3.18)

We look for ub(q1, q2, s, t), v
b(q1, q2, s, t),w

b(q1, q2, s, t),Q
b(q1, q2, s, t) in the form

ub = ub
0 + νub

1 + ν2ub
2 + · · · ,

vb = vb
0 + νvb

1 + ν2vb
2 + · · · ,

wb = ν(wb
0 + νwb

1 + ν2wb
2 + · · ·),

Qb = Qb
0 + νQb

1 + ν2Qb
2 + · · · . (3.19)

To derive the boundary layer equations, we need first to rewrite the original Navier–Stokes equations (3.1), (3.2) in the
curvilinear coordinates q1, q2, q3. Let e1, e2, e3 be the unit vectors parallel to coordinate curves, and let H1,H2,H3
be the Lame coefficients:

H 2
i =

3∑
k=1

(
∂xk

∂qi

)2

. (3.20)

In curvilinear coordinates q1, q2, q3, formulas for ∇φ, ∇ · v and ∇ × v given by (see, e.g., Appendix 2 in [19])

∇φ = 1

H1

∂φ

∂q1
e1 + 1

H2

∂φ

∂q2
e2 + 1

H3

∂φ

∂q3
e3, (3.21)

∇ · v = 1
[

∂
(H2H3u) + ∂

(H3H1v) + ∂
(H1H2w)

]
, (3.22)
H1H2H3 ∂q1 ∂q2 ∂q3
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∇ × v = 1

H2H3

[
∂

∂q2
(H3w) − ∂

∂q3
(H2v)

]
e1 + 1

H1H3

[
∂

∂q3
(H1u) − ∂

∂q1
(H3w)

]
e2

+ 1

H1H2

[
∂

∂q1
(H2v) − ∂

∂q2
(H1u)

]
e3. (3.23)

Substituting these into Eqs. (3.1) and (3.2), we obtain the required form of the Navier–Stokes equations. To derive
the boundary layer equations, we need to substitute (3.6), (3.7), (3.19) into the Navier–Stokes equations and take into
account that vi

k , Qi
k (k = 0,1, . . .) satisfy Eqs. (3.8)–(3.11). Further, we make the change of variables (3.18), expand

every function of νs in Taylor’s series at ν = 0 and, finally, collect terms of the equal powers in ν.
Before doing this, it is convenient to carry out the boundary layer expansion of differential operations grad, div and

curl. Making the change of variables

q3 = q0
3 + νs,

∂

∂q3
= 1

ν

∂

∂s
, w = νŵ (3.24)

in (3.21)–(3.23), we obtain

∇φ = 1

ν

1

H 0
3

∂φ

∂s
e3 + O(1), (3.25)

∇ · v = 1

H 0
3

∂ŵ

∂s
+ 1

H 0
1 H 0

2 H 0
3

[
∂

∂q1
(H 0

2 H 0
3 u) + ∂

∂q2
(H 0

3 H 0
1 v)

]
+ O(ν), (3.26)

∇ × v = 1

ν

1

H 0
3

[
−∂v

∂s
e1 + ∂u

∂s
e2

]
+ O(1). (3.27)

Here we have used the formula

Hi(q1, q2, q
0
3 + νs) = H 0

i (q1, q2, q
0
3 ) + O(ν), i = 1,2,3.

Similarly, the leading term of the boundary layer expansion of ∇ × (∇ × v) is given by

∇ × (∇ × v) = 1

ν2

1

(H 0
3 )2

[
−∂2u

∂s2
e1 − ∂2v

∂s2
e2 + O(ν)

]
. (3.28)

With the help of formulas (3.25)–(3.28), it is not difficult to derive the leading order equations of the boundary layer:

W−(q1, q2, t)

H 0
3

∂ub
0

∂s
= − 1

H 0
3

∂Qb
0

∂q1
+ 1

(H 0
3 )2

∂2ub
0

∂s2
, (3.29)

W−(q1, q2, t)

H 0
3

∂vb
0

∂s
= − 1

H 0
3

∂Qb
0

∂q2
+ 1

(H 0
3 )2

∂2uv
0

∂s2
, (3.30)

1

H 0
3

∂Qb
0

∂s
= 0, (3.31)

1

H 0
3

∂wb
0

∂s
+ 1

H 0
1 H 0

2 H 0
3

[
∂

∂q1
(H 0

2 H 0
3 u) + ∂

∂q2
(H 0

3 H 0
1 v)

]
= 0. (3.32)

Here we have used the expansion

wi
0(q1, q2, q

0
3 + νs, t) = wi

0(q1, q2,0, t) + O(ν) = W−(q1, q2, t) + O(ν),

where wi
0 and W−(q1, q2, t) are the components of the vectors vi

0(x, t) and V−(x, t) respectively that correspond to
the coordinate q3 in the curvilinear coordinate system q1, q2, q3. Note that V−(x, y, x, t) · n = −W−(q1, q2, t) > 0.
Therefore,

W−(q1, q2, t) < 0.
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We require that

ub
0 → 0, vb

0 → 0, wb
0 → 0, Qb

0 → 0 as s → ∞. (3.33)

From (3.31), we deduce that Qb
0(q1, q2, s, t) = f (q1, q2, t) for some f (q1, q2, t). Then, the conditions (3.33) imply

that Qb
0(q1, q2, s, t) ≡ 0. This means that the pressure in the boundary layer is determined by the external pressure.

Thus, we have

W−(q1, q2, t)
∂ub

0

∂s
= 1

H 0
3

∂2ub
0

∂s2
, (3.34)

W−(q1, q2, t)
∂vb

0

∂s
= 1

H 0
3

∂2vb
0

∂s2
. (3.35)

Boundary conditions for ub
0 and vb

0 at s = 0 are given by

ub
0(q1, q2, s, t)|s=0 = h1(x, t) ≡ U−(q1, q2, t) − ui

0(q1, q2, q3, t)|q3=q0
3
, (3.36)

vb
0(q1, q2, s, t)|s=0 = h2(x, t) ≡ V −(q1, q2, t) − vi

0(q1, q2, q3, t)|q3=q0
3
. (3.37)

Here ui
0, vi

0 and U−(q1, q2, t), V −(q1, q2, t) are the components of the vectors vi
0(x, t) and V−(x, t) respectively that

correspond to the coordinates q1, q2 in the curvilinear coordinate system q1, q2, q3. Since the outer solution satisfies
the correct initial conditions, the initial conditions for ub

0, vb
0 are

ub
0(q1, q2, s, t)|t=0 = 0, vb

0(q1, q2, s, t)|t=0 = 0. (3.38)

The solution of the boundary value problem (3.33)–(3.37) is

ub
0(q1, q2, s, t) = h1(q1, q2, t)e

W−(q1,q2,t)s ,

vb
0(q1, q2, s, t) = h2(q1, q2, t)e

W−(q1,q2,t)s . (3.39)

We assume that the initial and boundary conditions for v(x, t) in the original problem are consistent, i.e. satisfy the
relation

V+(x, t)|t=0 = V0(x)|Γ + , V−(x, t)|t=0 = V0(x)|Γ − . (3.40)

Then, the solution given by Eq. (3.39) satisfies the initial condition (3.38). Thus, we have found two tangent compo-
nents of the velocity.

The normal component wb
0 is determined from the incompressibility condition (3.32). Integrating Eq. (3.32), we

find that

wb
0(q1, q2, s, t) = 1

H 0
1 H 0

2

∞∫
s

[
∂

∂q1

(
H 0

2 H 0
3 u(q1, q2, s

′, t)
) + ∂

∂q2

(
H 0

3 H 0
1 v(q1, q2, s

′, t)
)]

ds′. (3.41)

Here the constant of integration is chosen so as to satisfy the boundary condition at infinity. Note that, in general,
wb

0(q1, q2, s, t) does not satisfy the boundary condition at s = 0:

wb
0(q1, q2, s, t)|s=0 �= 0.

wb
0 , however, gives us a correction of order O(ν). So, the quantity wb

0(q1, q2, s, t)|s=0 serves as the boundary value
for the first-order terms in the outer expansion.

Higher-order terms of the asymptotic expansion can be obtained in the same way as it was done in Section 2.

3.4. Example 2

Consider a two-dimensional rotationally symmetric flow in the annulus R1 <
√

x2 + y2 < R2 (see Fig. 3). The
two-dimensional Navier–Stokes equations, written in polar coordinates (r, θ), are
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Fig. 3. Flow domain in Example 2.

ut + uur + v

r
uθ − v2

r
= −pr + ν

(
�u − u

r2
− 2

r2
vθ

)
, (3.42)

vt + uvr + v

r
vθ + uv

r
= −1

r
pθ + ν

(
�v − v

r2
+ 2

r2
uθ

)
, (3.43)

(ru)r + vθ = 0, (3.44)

where u and v are the radial and azimuthal components of the velocity.
We seek a rotationally symmetric (i.e. independent of θ ) solution of (3.42)–(3.44) which satisfies the boundary

conditions

u|r=R1 = q

R1
, v|r=R1 = Ω(t)R1, (3.45)

u|r=R2 = q

R2
, v|r=R2 = 0. (3.46)

Here q is a constant, 2πq being the total flux of the fluid through the circle r = R1 (or r = R2). We assume that q > 0,
so that the circle r = R1 is the inlet and the circle r = R2 is the outlet.

The assumption that u = u(r, t), v = v(r, t), p = p(r, t), the incompressibility condition (3.44) and the boundary
conditions for u imply that

u = q

r
. (3.47)

Substituting (3.47) into (3.43), we obtain the following linear parabolic equation for v(r, t):

vt + q

r

(
vr + v

r

)
= ν

(
vrr + 1

r
vr − v

r2

)
. (3.48)

Substitution of (3.47) into (3.42) yields the formula for p(r, t) in terms of q and v(r, t):

p(r, t) =
∫ (

q2

r3
+ v2(r, t)

r

)
dr. (3.49)

Thus, the problem of finding a rotationally-symmetric solution of Eqs. (3.42)–(3.44) which satisfies the boundary
conditions (3.45)–(3.46) reduces to the problem of solving Eq. (3.48) subject to the boundary conditions

v|r=R1 = Ω(t)R1, (3.50)

v|r=R2 = 0. (3.51)

Let

Ω(t) = A sinλt + B cosλt = Re(Ceiλt ), (3.52)
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where C ≡ B − iA, A and B are constants. We seek a time periodic solution of (3.48), (3.50), (3.51) in the limit of
vanishing viscosity: ν → 0. The outer part of the solution is vi = vi

0 + O(ν), where vi
0 is the solution of the equation

vt + q

r

(
vr + v

r

)
= 0

that satisfies the boundary condition (3.50). This solution is

vi
0(r, t) = A

r
sin

[
λ

(
t − r2 − R2

1

2q

)]
+ B

r
cos

[
λ

(
t − r2 − R2

1

2q

)]

= 1

r
Re

[
Ce

iλ(t− r2−R2
1

2q
)

]
.

Introducing the boundary layer variable near the outlet by the formula

s = R2 − r

ν
,

we obtain the following equation for vb
0(r, t) (cf. Eqs. (3.34), (3.35)):

− q

R2

∂vb
0

∂s
= ∂2vb

0

∂s2
,

whose solution, satisfying the boundary conditions

vb
0 |s=0 = h(t) = −vi

0(R2, t), vb
0 → 0 as s → ∞,

is given by (cf. Eq. (3.39)):

vb
0(s, t) = − 1

R2
Re

[
Ce

iλ(t− R2
2−R2

1
2q

)]
e
− q

R2
s
.

Thus, the leading term in the asymptotic expansion is

v(r, t) = 1

r
Re

[
Ce

iλ(t− r2−R2
1

2q
)] − 1

R2
Re

[
Ce

iλ(t− R2
2−R2

1
2q

)]
e
− q

R2

R2−r

ν + O(ν). (3.53)

Fig. 4. Inviscid, exact and asymptotic solutions v(r, t)|t=π for ν = 0.05, λ = 1, A = B = 1, R1 = 1 and R2 = 2. Dashed line corresponds to the
inviscid solution vi

0(r, t)|t=π , solid line – to the exact solution (3.54), and the circles represent the asymptotic solution given by Eq. (3.53).
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It can be shown that the exact periodic solution of (3.48), (3.50), (3.51) with Ω(t) given by (3.49) is

v(r, t) =
(

r

R1

)δ

Re

[
Ceiλt Iδ(ηr)Kδ(ηR2) − Iδ(ηR2)Kδ(ηr)

Iδ(ηR1)Kδ(ηR2) − Iδ(ηR2)Kδ(ηR1)

]
, (3.54)

where

δ = 1 + q

2ν
, η =

√
λ

ν

(√
2

2
+ i

√
2

2

)
,

and where Iδ(z) is the modified Bessel function of the first kind and Kδ(z) is the modified Bessel function of the
second kind.

The exact solution (3.54), the asymptotic solution (3.53) and the inviscid solution vi
0, shown in Fig. 4, demonstrate

quite good agreement between the exact and asymptotic solutions.

4. Inconsistent initial and boundary conditions

The above theory has been developed under the assumption that the initial and boundary conditions are consistent.
In particular, the consistency conditions for the tangent components of the velocity at the outlet have a consequence
that the boundary layer part of the solution (given by Eq. (2.32) in the two-dimensional case and by Eq. (3.39) in the
three-dimensional case) satisfies the required initial conditions (given by Eqs. (2.31) and (3.38)). It is therefore evident
that the theory of Sections 2 and 3 does not work if the initial and boundary conditions for the tangent velocity at the
outlet are inconsistent. On the other hand, problems with inconsistent initial and boundary conditions are interesting
not only from a theoretical perspective but also from a practical viewpoint because they can be used to describe real
fluid flows produced by a sudden change in the tangent velocity at the outlet (an example of such flow will be given
in Section 4.4).

As was shown in Section 2, even if the consistency conditions (2.11), (2.12) are satisfied, in order to obtain the next
(first-order in ν) term in the asymptotic expansion, we have to impose an additional consistency requirement (given
by (2.57)) on the initial and boundary conditions in the original problem. So, if we want to solve an initial boundary
value problem for the Navier–Stokes equations for which the secondary consistency condition (2.57) is not satisfied,
we also must modify our asymptotic expansion. In this section, we will discuss the question of how to generalise the
theory of Sections 2 and 3 in the case of inconsistent initial and boundary conditions.

For simplicity of exposition we consider the two-dimensional problem described in Section 2. We assume that the
initial condition for the tangent velocity does not agree with the boundary condition at the outlet, i.e. U(x, t)|t=0 �=
U0(x, y)|y=0 (the other consistency conditions, for v(x, y, t) at both the inlet and the outlet and for u(x, y, t) at the
inlet, are assumed to be satisfied). In this case, h0(x, t)|t=0 �= 0 and, therefore, ub

0, given by Eq. (2.32), does not
satisfy the initial condition (2.31). Physically, it is clear that the initial discontinuity at the boundary will rapidly
become smooth due to viscosity. To describe this process, we introduce the fast variable (fast time) τ = t/ν and
assume that

u = u(x, y, t, τ ), v = v(x, y, t, τ ), p = 1

ν
q(x, y, t, τ ).

Inserting these into Eqs. (2.1)–(2.3), we obtain

uτ + qx + ν(ut + uux + vuy) = ν2∇2u, (4.1)

vτ + qy + ν(vt + uvx + vvy) = ν2∇2v, (4.2)

ux + vy = 0. (4.3)

Further, we look for an asymptotic expansion in the form

u = ui(x, y, t, τ ) + ub(x, s, t, τ ), (4.4)

v = vi(x, y, t, τ ) + νvb(x, s, t, τ ), (4.5)

q = qi(x, y, t, τ ) + qb(x, s, t, τ ), (4.6)

where s = y/ν, as before.
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4.1. Outer expansion

To calculate the outer solution ui , vi , qi , we substitute the formulas

ui = ui
0 + νui

1 + · · · , vi = vi
0 + νvi

1 + · · · , qi = qi
0 + νqi

1 + · · · (4.7)

into Eqs. (2.1)–(2.3) and collect the terms of equal order in ν. This yields the following equations:

∂τ vi
0 + ∇qi

0 = 0, (4.8)

∇ · vi
0 = 0, (4.9)

∂τ vi
1 + ∇qi

1 = −[
∂tvi

0 + (vi
0 · ∇)vi

0

]
, (4.10)

∇ · vi
1 = 0, (4.11)

∂τ vi
2 + ∇qi

2 = −[
∂tvi

1 + (vi
0 · ∇)vi

1 + (vi
1 · ∇)vi

0

] + �vi
0, (4.12)

∇ · vi
2 = 0, etc. (4.13)

Boundary conditions for vi
0 are given by Eqs. (2.21). Eqs. (4.8) and (4.9) imply that

�qi
0 = 0, (4.14)

and differentiation of the boundary conditions for the normal velocity with respect to τ yields

∂yq
i
0|y=0 = 0, ∂yq

i
0|y=L = 0. (4.15)

(As before we assume that ∇qi
0 is either periodic in x or decays as |x| → ∞.) The only solution of Eqs. (4.14)

and (4.15) satisfying the periodicity condition in x (or the decay condition at infinity) is a constant solution: qi
0 ≡

const. It follows that ∂τ vi
0, i.e.

vi
0 = vi

0(x, y, t). (4.16)

In order to obtain the asymptotic expansion that is uniform in time, we require that functions vi
k (k = 0,1, . . .) are

bounded in fast variable τ . Further, we assume that all bounded functions of τ which we are dealing with here can be
presented in the form

f (τ) = f̄ + f̃ (τ ) (4.17)

where f̄ is the mean value of f (τ) defined as

f̄ = lim
T →∞

1

T

T∫
0

f (τ) dτ (4.18)

and f̃ (τ ) = f (τ) − f̄ is the part of f (τ) that has zero mean value.
Averaging Eq. (4.10), we obtain

∂tvi
0 + (vi

0 · ∇)vi
0 = −∇q̄i

1. (4.19)

This, together with the incompressibility condition (4.9), represent the Euler equations governing the dynamics of an
inviscid incompressible fluid. Eqs. (4.19) and (4.9) are to be solved subject to the boundary conditions (2.21) and the
initial conditions (2.22) and (2.23).

The τ -dependent part of Eq. (4.10) yields

∂τ vi
1 + ∇q̃i

1 = 0.

Writing vi
1 as the sum of the averaged and τ -dependent parts, vi

1 = v̄i
1 + ṽi

1, and taking the τ -dependent part of
Eq. (4.11), we obtain

∂τ ṽi
1 + ∇q̃i

1 = 0, (4.20)

∇ · ṽi
1 = 0. (4.21)

Evolution equation for v̄i
1 can be obtained by averaging Eq. (4.12). Boundary conditions for Eqs. (4.20) and (4.21)

will be specified later.
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4.2. Boundary layer

As before, we assume that

ub = ub
0 + νub

1 + · · · , vb = vb
0 + νvb

1 + · · · , qb = qb
0 + νqb

1 + · · · . (4.22)

Now, in contrast with (2.24), quantities ub
k , vb

k and qb
k depend not only on x, s and t , but also on the fast time τ .

We substitute (4.4)–(4.7), (4.22) into Eqs. (4.1)–(4.3) and take into account that ui
k , vi

k , qi
k (k = 0,1, . . .) satisfy

Eqs. (4.8)–(4.13). Then we make the change of variable y = νs, expand every function of νs in Taylor’s series at
ν = 0 and collect terms of the equal powers in ν. In the leading order, we obtain (cf. Eqs. (2.25)–(2.27))

∂τ u
b
0 + V (x, t)∂su

b
0 = −∂xq

b
0 + ∂2

s ub
0, (4.23)

0 = −∂sq
b
0 , (4.24)

∂xu
b
0 + ∂sv

b
0 = 0. (4.25)

As before, we require that

ub
0 → 0, vb

0 → 0, qb
0 → 0 as s → ∞. (4.26)

The condition of decay at infinity (in the boundary layer variable s) for qb
0 and Eq. (4.24) have a consequence that

qb
0 ≡ 0. Thus, we have

∂τ u
b
0 + V (x, t)∂su

b
0 = ∂2

s ub
0, (4.27)

∂xu
b
0 + ∂sv

b
0 = 0. (4.28)

Boundary and initial conditions for ub
0 at s = 0 are given by

ub
0(x, s, t, τ )|s=0 = h0(x, t) ≡ U(x, t) − ui

0(x,0, t), (4.29)

and

ub
0(x, s, t, τ )|t=0,τ=0 = 0. (4.30)

Averaging Eqs. (4.27) and (4.29) yields the equations and

V (x, t)∂s ū
b
0 = ∂2

s ūb
0, (4.31)

and the boundary condition

ūb
0(x, s, t)|s=0 = h0(x, t). (4.32)

These coincide with Eqs. (2.29) and (2.30), and the solution is (cf. (2.32))

ūb
0(x, s, t) = h0(x, t)eV (x,t)s . (4.33)

The τ -dependent part of ub
0 must be a solution of the equation

∂τ ũ
b
0 + V (x, t)∂s ũ

b
0 = ∂2

s ũb
0, (4.34)

subject to the boundary and initial conditions

ũb
0|s=0 = 0, ũb

0 → 0 as s → ∞; (4.35)

ũb
0|t=0,τ=0 = −ūb

0(x, s,0) = −h0(x,0)eV (x,0)s . (4.36)

It will be verified a posteriori that, in the limit ν → 0, ũb
0 rapidly decays outside a thin ‘temporary boundary layer’

near t = 0. With this in mind, we can write

V (x, t) = V (x, ντ) = V (x,0) + ντVt (x,0) + · · · .
Then we replace V (x, t) in Eq. (4.34) by V (x,0) and move the other terms in this formula to the higher order terms
of the expansion.
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Thus, we need to find a solution of the equation

∂τ ũ
b
0 + V (x,0)∂s ũ

b
0 = ∂2

s ũb
0 (4.37)

which satisfies the boundary and initial conditions (4.35), (4.36).
The substitution

ub
0(x, s, τ ) = e− V̄ 2

4 τ+ V̄
2 s û(x, s, τ ), (4.38)

where V̄ = V (x,0), reduces Eq. (4.37) to the heat equation for û:

ûτ = ûss . (4.39)

The boundary conditions for û are

û|s=0 = 0, û → 0 as s → ∞, (4.40)

and the initial condition

û|τ=0 = −h̄0e
V̄
2 s , (4.41)

where h̄0 = h0(x,0). The initial boundary value problem (4.39)–(4.41) can be solved using standard techniques (de-
scribed, e.g., in [20]). The solution can be written in the form

û = h̄0

2
e

V̄ 2
4 τ

[
e− V̄

2 s erfc

(
s − V̄ τ√

4τ

)
− e

V̄
2 s erfc

(
− s + V̄ τ√

4τ

)]
where erfc(z) is the complementary error function:

erfc(z) = 2√
π

∞∫
z

e−ξ2
dξ.

Hence, we obtain

ũb
0 = h̄0

2

[
erfc

(
s − V̄ τ√

4τ

)
− eV̄ s erfc

(
− s + V̄ τ√

4τ

)]
. (4.42)

Using known properties of erfc(z), one can show that for any fixed τ ,

ũb
0 ≈ −h̄0e

V̄ s + h̄0

√
τ

π

e− s2
4τ

s
[eV̄ s + 1] as s → ∞,

and for any fixed s,

ũb
0 ≈ h̄0√

πτ

e− V̄ 2
4 τ

|V̄ | [1 − eV̄ s] as τ → ∞.

So, the inconsistency in initial and boundary conditions at the outlet results in a fast relaxation process which is
important only within a short initial time interval. If the initial and boundary conditions at the outlet are consistent
(h̄0 = h0(x,0) ≡ 0), then ũb

0 ≡ 0 and, therefore, ub
0 = ūb

0 = h0e
V s , which is consistent with the asymptotic expansion

of Section 2.
The normal velocity vb

0(x, s, t, τ ) is determined from Eq. (4.28):

vb
0(x, s, t, τ ) = ∂

∂x

∞∫
s

ub
0(x, s′, t, τ ) ds′. (4.43)

Again, vb
0(x, s, t, τ ), given by (4.43), rapidly decays as s → ∞, but, in general, does not satisfy the boundary con-

dition vb
0(x, s, t, τ )|s=0 = 0. Since the correction to vi

0 is νvb
0 , vb

0 |s=0 gives us the boundary condition for the next
approximation of the outer solution:

vi
1(x, y, t, τ )|y=0 = −vb

0 |s=0. (4.44)
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4.3. Higher order terms

It follows from (4.44) that

v̄i
1(x, y, t)|y=0 = −v̄b

0 |s=0, (4.45)

ṽi
1(x, y, t, τ )|y=0 = −ṽb

0 |s=0. (4.46)

Boundary condition (4.46) together with the condition

ṽi
1(x, y, t, τ )|y=L = 0 (4.47)

are used to find a solution of Eqs. (4.20), (4.21). The solution of the boundary value problem (4.20), (4.21), (4.46),
(4.47) can be written as

ṽi
1(x, y, t, τ ) = −∇φ, (4.48)

where φ is the solution of the problem

∇2φ = 0,

φy |y=0 = ṽb
0 |s=0, φy |y=L = 0. (4.49)

The averaged part v̄i
1(x, y, t) of vi

1(x, y, t, τ ) is determined from the equations that are obtained by averaging
Eqs. (4.12), (4.13) and are subject to the boundary condition (4.45) and the conditions

v̄i
1|y=L = 0, ūi

1|y=L = 0, v̄i
1|t=0 = 0, ūi

1|t=0 = 0. (4.50)

Now we observe that, in general, ũi
1 = −φx does not agree with the boundary condition ũi

1|y=L = 0. In order to
satisfy this condition, we need to construct a viscous correction to ũi

1(x, y, t, τ ) at the inlet. Thus, we have obtained a
surprising result: although there is only one boundary layer (at the outlet) in the leading order terms of the asymptotic
expansion, a viscous boundary layer at the inlet appears in the higher order terms.

To construct a boundary layer at the inlet we assume that (cf. (4.4)–(4.6))

u = ui(x, y, t, τ ) + ub(x, s, t, τ ) + ua(x, ξ, t, τ ),

v = vi(x, y, t, τ ) + νvb(x, s, t, τ ) + νva(x, ξ, t, τ ),

q = qi(x, y, t, τ ) + qb(x, s, t, τ ) + qa(x, ξ, t, τ ), (4.51)

where ξ = (L − y)/ν is the boundary layer variable at the inlet. The same procedure as before leads to the following
equations.

In the leading order, we obtain

∂τ u
a
0 − V (x, t)∂ξu

a
0 = ∂2

ξ ua
0 . (4.52)

Boundary conditions:

ua
0 → 0 as ξ → ∞, ua

0(x, ξ, t, τ )|ξ=0 = 0. (4.53)

The initial condition:

ua
0(x, ξ, t, τ )|τ=0,t=0 = 0. (4.54)

The only solution of Eq. (4.52) satisfying (4.53) and (4.54) is zero solution. Thus, as expected, we obtain

ua
0(x, ξ, t, τ ) ≡ 0, (4.55)

and, as a consequence of (4.55), va
0 (x, ξ, t, τ ) ≡ 0. The next order terms are

∂τ u
a
1 − V (x, t)∂ξu

a
1 − ∂2

ξ ua
1 = 0. (4.56)

(Here we have used Eq. (4.55).) Boundary conditions:

ua
1 → 0 as ξ → ∞, ua

1|ξ=0 = −ũi
1(x, y, t, τ )|y=L. (4.57)



534 K. Ilin / European Journal of Mechanics B/Fluids 27 (2008) 514–538
The initial condition:

ua
1|t=0,τ=0 = 0. (4.58)

The initial boundary value problem (4.56)–(4.58) can be solved analytically in the same way as problem (4.27),
(4.29), (4.30) was solved. Then, we find va

1 (x, ξ, t, τ ) from the incompressibility equation and use it as the boundary
condition at the inlet for the next approximation of the outer solution.

For the boundary layer at the outlet, the first-order term ub
1 is determined from the equation

∂τ u
b
1 + V (x, t)∂su

b
1 = ∂2

s ub
1 + a1(x, s, t, τ ) − τV (x,0)∂s ũ

b
0 (4.59)

where a1(x, s, t, τ ) is given by Eq. (2.37), and the last term on the hand right side represent the O(ν) term in the
expansion of V (x, ντ). Boundary and initial conditions for ub

1 are

ub
1 → 0 as s → ∞, ub

1|s=0 = −ui
1(x, y, t, τ )|y=0; (4.60)

ub
1|t=0,τ=0 = 0. (4.61)

When we know the solution of Eqs. (4.59)–(4.61), we employ the incompressibility condition to find vb
1 which, in

turn, is used to obtain the boundary conditions at the outlet for the next order terms in the outer expansion.
The procedure described above can be repeated as many times as necessary to give us higher order terms of the

asymptotic expansion.

4.4. Example 3

Consider the following two-dimensional viscous flow between two infinite parallel planes which are permeable
for the fluid. For t < 0, there is a steady flow of the fluid with constant (both in time and in space) velocity with
components U and V in the parallel and normal directions respectively. This steady flow can be produced by motion
of both planes with constant velocity U and suction and blowing of the fluid through the planes with constant normal
velocity V . At t = 0 the plane, at which the suction is applied, suddenly comes to a stop, so that it has zero velocity for
t > 0. The problem is to find the velocity of the fluid for t > 0. To describe this flow in the limit of vanishing viscosity,
we consider the two-dimensional Navier–Stokes equations (2.1)–(2.3) with the following boundary conditions

v|y=0 = v|y=L = V, (4.62)

u|y=0 = 0, u|y=L = U, (4.63)

where U and V are constants and V < 0. The initial conditions for u and v are

v|t=0 = V, u|t=0 = U. (4.64)

The initial condition for the tangent velocity u is consistent with the boundary condition at y = L (the inlet), but
inconsistent with the boundary condition at y = 0 (the outlet): (u(x, y, t)|t=0)|y=0 �= 0. The leading term of the outer
expansion is given by

vi
0 = V, ui

0 = U.

The leading term of the boundary layer part of the expansion is given by Eqs. (4.33) and (4.42) with

h0(x, t) = −ui
0|y=0 = −U, h̄0 = −U and V̄ = V.

Hence, we obtain

u = ui
0 + ub

0 + O(ν)

= U(1 − e
V
ν

y) − U

2

[
erfc

(
y − V t√

4νt

)
− e

V
ν

y erfc

(
−y + V t√

4νt

)]
. (4.65)

Note that, as τ → ∞, u(y, τ ) tends to the asymptotic suction profile (see, e.g., [13]):
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u → U(1 − e
V
ν

y) + O(ν).

Problem (2.1)–(2.3), (4.62)–(4.64) can be solved analytically. To do this, we first observe that the boundary and
initial conditions for v(x, y, t) imply that v(x, y, t) = V . This and the incompressibility condition (2.3) have a conse-
quence that u = u(y, t). Then it follows from Eq. (2.2) that p = p(x, t). Eq. (2.1) reduces to

ut + V uy = −px + νuyy.

Finally, the fact that u is independent of x and the requirement that p is bounded for all x imply that p(x, t) = C(t)

for some C(t), so that px = 0, and we obtain

ut + V uy = νuyy. (4.66)

It is convenient to present u(y, t) in the form

u(y, t) = U
1 − e

V
ν

y

1 − e
V
ν

L
+ g(y, t).

Here the first term represents the steady solution of Eq. (4.66) that satisfies the boundary conditions (4.63), and g(y, t)

is the solution of the problem

gt + Vgy = νgyy,

g(y, t)|y=0 = g(y, t)|y=L = 0,

g(y, t)|t=0 = U

1 − e
V
ν

L
(e

V
ν

y − e
V
ν

L). (4.67)

Substituting g = exp(−V 2

4ν
t + V

2ν
y)ĝ(y, t) in the equation for g, we reduce it to the heat equation for ĝ

ĝt = νĝyy, (4.68)

which is to be solved subject to the following boundary and initial conditions

ĝ|y=0 = ĝ|y=L = 0, ĝ|t=0 = Ue− V
2ν

y

1 − e
V
ν

L
(e

V
ν

y − e
V
ν

L). (4.69)

The solution, obtained by standard methods [20], is given by

ĝ =
∞∑

n=1

Cne
−( πn

L
)2νt sin

(
πn

L
y

)
, Cn = 2πnU

(V L
2ν

)2 + (πn)2
.

Finally, recalling the definition of ĝ, we obtain

u(y, t) = U
1 − e

V
ν

y

1 − e
V
ν

L
+ e− V 2

4ν
t+ V

2ν
y

∞∑
n=1

Cne
−( πn

L
)2νt sin

(
πn

L
y

)
. (4.70)

The asymptotic and exact solutions, given by Eqs. (4.65) and (4.70) respectively, are shown in Fig. 5.

4.5. Example 4

Consider now the same particular problem as in Example 1 (Section 2.5) but with the different boundary condition
for u at the outlet (cf. Eq. (2.59)):

u|y=0 = sin t. (4.71)

This boundary condition satisfies the primary consistency condition given by the first equation (2.11) but does not
satisfy the first-order consistency condition (2.57).

In this case, the outer asymptotic expansion is the same as in Example 1, so that the first two terms of the outer
expansion are given by Eqs. (2.64) and (2.65). The leading term of the boundary layer part of the expansion is
ub = h0(t)e

−s where
0
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Fig. 5. Asymptotic and exacts solutions u(y, t) at t = 0.01 and t = 0.5 for ν = 0.1, L = U = 1 and V = −1. Solid curves correspond to the exact
solution (4.70), the circles represent the asymptotic solution given by Eq. (4.65), and the dotted line is the initial velocity u(y, t)|t=0.

Fig. 6. Leading order and first-order asymptotic solutions u(y, t)|t=0.15 for ν = 0.1. Dashed line corresponds to the leading order approximation
u0 = ui

0 + ub
0, solid line – to the numerical solution, and circles represent the first-order asymptotic solution u0 + νu1 where u1 = ui

1 + ub
1.

h0 =
{

sin t − 1 + (1 − t)4, 0 � t � 1,

sin t − 1, t > 1.

Since the first-order consistency condition is not satisfied, the first-order term of the boundary layer part of the expan-
sion must be determined by solving problem (4.59)–(4.61). It can be shown that it is given by

ub
1 = [

h1(t) − sh0t (t)
]
e−s + h̄0t (s − τ)e−s + h̄0t

[
(s + τ) erfc

(
s + τ√

)
− e−s(τ − s) erfc

(
s − τ√

)]
. (4.72)
2 4τ 4τ
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Here h̄0t = h0t (0) and

h1 =
{

12t (1 − t)2, 0 � t � 1,

0, t > 1.
(4.73)

The leading order asymptotic solution u0 = ui
0 + ub

0, the first-order asymptotic solution u0 + νu1, where u1 =
ui

1 + ub
1, and the numerical solution u, obtained with the help of the MATLAB PDE solver, are shown in Fig. 6.

5. Conclusions

We have constructed a formal asymptotic expansion of solutions to the Navier–Stokes equations in the limit of
vanishing viscosity (high Reynolds number) in the case of flows through a given domain when the fluid flows into the
domain through one part of the boundary (the inlet) and leaves the domain through the other part (the outlet). In the
leading order the velocity is the sum of two terms. The first term is a solution of the Euler equations and describes
the flow everywhere in the domain except for a thin boundary layer near the outlet. The second term represents a
boundary layer correction to the inviscid solution. The second term is a solution of boundary layer equations which,
in contrast with Prandtl’s boundary layer, are linear and can be solved analytically in general case. An interesting
feature of the boundary layer equations is that the corresponding initial boundary value problem is over-determined,
but nevertheless has a unique solution provided that the initial and boundary conditions for the velocity in the original
problem are consistent. We have also computed the O(ν) terms of the expansion and found that in order to satisfy the
initial condition, we have to impose an additional consistency requirement on the initial and boundary conditions for
the tangent velocity at the outlet. It has been shown that the asymptotic expansion can be continued up to terms
of arbitrary order in ν, and each successive approximation requires a new consistency condition. Also, we have
constructed an asymptotic expansion in the case of inconsistent initial and boundary conditions. Such mathematical
problems can be used to describe real fluid flows produced by a sudden change in the tangent velocity at the outlet. In
this case, the asymptotic solution includes a rapidly decaying component which describes the relaxation of the initial
discontinuity. It is interesting that, in general, the inconsistency in initial and boundary conditions at the outlet results
in the appearance of a boundary layer at the inlet, which is in sharp contrast with the case of consistent initial and
boundary conditions where there is no boundary layer at the inlet in all orders of the asymptotic expansion. In both
cases, the examples presented in the paper show that asymptotic solutions are in quite good agreement with exact or
numerical solution

In the case of consistent initial and boundary conditions, the procedure of constructing the boundary layer at the
outlet does not depend on the boundary conditions at the inlet. This means that our asymptotic expansion can be
easily adapted to the situations where different boundary conditions at the inlet are employed. For example, one can
consider flows through a given domain with the normal velocity and the tangent vorticity rather than the tangent
velocity prescribed at the inlet. Inviscid flows of this type were studied in [1,2,7,8]. If all components of the velocity
are specified at the outlet, the asymptotic expansion constructed here shows that the effect of small viscosity on such
flows is negligible everywhere in the flow domain except for a thin boundary layer at the outlet.

Much remains to be done in this area. In particular, it would be interesting to investigate the effect of small viscosity
on the stability of steady flows through a given domain. For example, it is known that certain inviscid flows with a given
tangent vorticity at the inlet can be asymptotically stable (see [7]). On the other hand, the example of the asymptotic
suction profile shows that a boundary layer at the outlet can be unstable [21,22]. In this context, an interesting open
question is whether viscosity can destabilise flows that are asymptotically stable in the framework of the inviscid
theory. This is a problem for a further investigation.

Another open problem is to construct an asymptotic expansion in the case when initial and boundary conditions
for the tangent velocity at the inlet are inconsistent. It is known that in this case, in inviscid approximation, there is a
moving front at which the velocity (and/or its derivatives) is discontinuous [1,2,9]. The presence of viscosity, however
small, will smoothen the discontinuity, but mathematical description of this phenomenon is absent.

In this paper, we studied only flows though a domain whose whole boundary is permeable. The most important
open problem is to construct an asymptotic expansion for nearly inviscid flows though a domain whose boundary
consists of both permeable and impermeable parts, such as a flow though a channel of finite length. Such analysis
would inevitably include an investigation of the interaction between the Prandtl boundary layer at an impermeable
wall and the boundary layer at the outlet constructed here. This is also a problem for a further study.
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